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ABSTRACT
In this paper, we first introduce the notion of Hom-left-symmetric confor-
mal bialgebras and show some nontrivial examples. Also, we present con-
struction methods of matched pairs of Hom-Lie conformal algebras and Hom-
left-symmetric conformal algebras. Finally, we prove that a finite Hom-left-
symmetric conformal bialgebra is free as a C[∂]-module is equivalent to a Hom-
paraka¨hler Lie conformal algebra. In particular, we investigate the coboundary
Hom-left-symmetric conformal bialgebras.
Key words: Hom-Lie conformal algebra, Hom-left-symmetric conformal coal-
gebra, Hom-left-symmetric conformal bialgebra, Hom-paraka¨hler Lie confor-
mal algebra.
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INTRODUCTION
Left-symmetric algebras are a class of Lie-admissible algebras whose commutators are
Lie algebras. They arose from the study of convex homogeneous cones, affine manifolds
and affine structures on Lie groups. Burde gave a survey about left-symmetric algebras
which play an important role in many fields in mathematics and mathematical physics
such as vector fields, rooted tree algebras, words in two letters, vertex algebras, operad
theory, deformation complexes of algebras, convex homogeneous cones, affine manifolds,
∗Corresponding author(Shengxiang Wang): wangsx-math@163.com
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left-invariant affine structures on Lie groups in [3]. Furthermore, a theory of left-symmetric
bialgebras was developed by Bai in [1], he proved that a left-symmetric bialgebra is equiva-
lent to a parakahler Lie algebra which is the Lie algebra of a Lie group G with a G-invariant
paraka¨hler structure, studied coboundary left-symmetric bialgebras and obtained an ana-
log of the classical Yang-Baxter equation and called it S-equation.
Lie conformal algebras were introduced by Kac in [9], he gave an axiomatic description
of the singular part of the operator product expansion of chiral fields in conformal field
theory. It is an useful tool to study vertex algebras and has many applications in the theory
of Lie algebras. Moreover, Lie conformal algebras have close connections to Hamiltonian
formalism in the theory of nonlinear evolution equations. Lie conformal algebras were
widely studied in the following aspects: the structure theory [6], representation theory
[4], [5] and cohomology theory [2] of finite Lie conformal algebras. Later, Liberati in [10]
introduced a conformal analog of Lie bialgebras including the conformal classical Yang-
Baxter equation, the conformal Manin triples and conformal Drinfeld’s double. As a
generalization of [1], Hong and Li introduced the definition of left-symmetric conformal
algebra in [8] and developed a conformal theory of left-symmetric bialgebras in [7].
Recently, the Hom-Lie conformal algebra was introduced and studied in [13], where it
was proved that a Hom-Lie conformal algebra is equivalent to a Hom-Gel’fand-Dorfman
bialgebra. From then on, similar generalizations of certain algebraic structures became
a very popular subject. In [11], Sheng and Bai introduced a new definition of Hom-
Lie algebras and studied their properties. In [12], Sun and Li proved that a Hom-left-
symmetric bialgebra is equivalent to a Hom-parakahler Lie algebra, extending the result
given in [1]. Recently, Zhao, Yuan and Chen developed the cohomology theory of Hom-
Lie conformal algebras and discuss some applications to the study of deformations of
regular Hom-Lie conformal algebras. Also, they introduced the notion of derivations of
multiplicative Hom-Lie conformal algebras and study their properties in [14].
Motivated by these results, this paper is organized as follows. In Section 2, we introduce
the definition of a paraka¨hler Hom-Lie conformal algebra, and study the paraka¨hler Hom-
Lie conformal algebra in terms of Hom-left-symmetric conformal algebras. In Section 3,
we introduce the matched pairs of Hom-Lie conformal algebras and Hom-left-symmetric
conformal algebras. Moreover, we study the relations between them. In Section 4, we
introduce the notion of a Hom-left-symmetric conformal bialgebra, which is equivalent to
the paraka¨hler Hom-Lie conformal algebra. In particular, we investigate the coboundary
Hom-left-symmetric conformal bialgebras.
2
1 Preliminaries
Throughout the paper, all algebraic systems are supposed to be over a field C, and
denote by Z+ the set of all nonnegative integers and by Z the set of all integers.
In this section we recall some basic definitions and results related to our paper from
[10] and [13].
Definition 1.1. A Hom-Lie conformal algebra (R,α) is a C[∂]-module equipped with an
even linear endomorphism α such that α∂ = ∂α, and a C-linear map
R⊗R→ C[λ]⊗R, a⊗ b 7→ [aλb]
satisfying the following axioms:
[∂aλb] = −λ[aλb], [aλ∂b] = (∂ + λ)[aλb],
[aλb] = −[b−λ−∂a],
[α(a)λ[bµc]] = [[aλb]λ+µα(c)] + [α(b)µ[aλc]],
for any a, b, c ∈ R.
A Hom-Lie conformal algebra (R,α) is called multiplicative if α is an algebra endo-
morphism, i.e., α([aλb]) = [α(a)λα(b)] for any a, b ∈ R. In particular, if α is an algebra
isomorphism, then (R,α) is regular.
Definition 1.2. Let (U,α) and (V, β) be two C[∂]-modules. A conformal linear map from
U to V is a C-linear map a : U → C[λ]⊗ V , denoted by aλ : U → V , such that
[∂, aλ] = −λaλ, ∂Uα = α∂U , ∂V β = β∂V , aλα = βaλ.
Denote the C-vector space of all such maps by Chom(U, V ). It has a canonical structure
of a C[∂]-module: (∂a)λ = −λaλ.
Define the conformal dual of a C[∂]-module U as U∗c = Chom(U,C), where C is viewed
as the trivial C[∂]-module, that is
U∗c = {a : U → C[λ]|a is C-linear and aλ(∂b) = λaλb}.
Set Cend(V ) = Chom(V, V ) and assume that (V, β) is a finite C[∂]-module, then the
C[∂]-module Cend(V ) has a canonical structure defined by
(aλb)µβ(v) = ψ(aλ)(bµ−λv).
for any a, b ∈ Cend(V ), v ∈ V and ψ : Cend(V ) → Cend(V ). Therefore, (gc(V ) :=
Chom(V, V ), ψ) has a Hom-Lie conformal algebra structure defined by
[aλb]β(v) = ψ(aλ)(bµ−λv)− ψ(bµ−λ)(aλv).
Here (gc(V ), ψ) is called the general Hom-Lie conformal algebra of V .
3
2 Paraka¨hler Hom-Lie conformal algebras
In this section, we introduce the definition of a paraka¨hler Hom-Lie conformal algebra
and study the paraka¨hler Hom-Lie conformal algebra in terms of Hom-left-symmetric
conformal algebras.
Definition 2.1. A Hom-left-symmetric conformal algebra (A,α) is a C[∂]-module equipped
with an even linear endomorphism α such that α∂ = ∂α and a linear map
A⊗A→ C[λ]⊗A, a⊗ b 7→ aλb
satisfying the following axioms
(∂aλb) = −λ(aλb), aλ∂b = (∂ + λ)(aλb), α(aλb) = α(a)λα(b), (2. 1)
(aλb)λ+µα(c)− α(a)λ(bµc) = (bµa)λ+µα(c) − α(b)µ(aλc), (2. 2)
for any a, b, c ∈ A.
A Hom-left-symmetric conformal algebra (A,α) is called finite if A is a finitely gener-
ated C[∂]-module. The rank of A is its rank as a C[∂]-module.
Example 2.2. Let (A,α) be a Hom-left-symmetric algebra. Then we can naturally define
a Hom-left-symmetric conformal algebra CurA = C[∂]⊗A with the λ-product
aλb = ab, ∀a, b ∈ A.
CurA is called the current Hom-left-symmetric conformal algebra. CoeffCurA = A ⊗
C[t, t−1] with the left-symmetric multiplication
atmbtn = (ab)tm+n, α(f(∂)a) = f(∂)α(a).
Definition 2.3. A Hom-Novikov conformal algebra (A,α) is a Hom-left-symmetric con-
formal algebra satisfying
(aλb)λ+µα(c) = (aλc)−µ−∂α(b), (2. 3)
for any a, b, c ∈ R.
Remark 2.4. By (2.1), the following equalities always hold.
(a−λ−∂b)λ+µα(c) = (aµb)λ+µα(c),
α(a)µ(b−λ−∂c) = α(a)µ(b−λ−∂−µc).
Moreover, by the equalities above and (2.3), we have
(aλb)−µ−∂α(c)− α(a)λ(b−µ−∂c) = (b−λ−∂a)−µ−∂α(c) − α(b)−µ−∂−λ(aλc),∀a, b, c ∈ R.
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The following result is easily shown.
Proposition 2.5. Let (A,α) be a Hom-left-symmetric conformal algebra. Then the λ-
bracket
[aλb] = aλb− b−λ−∂a,∀a, b ∈ A,
define a Hom-Lie conformal algebra (g(A), α), which is called the sub-adjacent Hom-Lie
conformal algebra of (A,α). (A,α) is also called the compatible Hom-left-symmetric con-
formal algebra structure on the Hom-Lie conformal algebra (g(A), α),
Example 2.6. Given a Hom-Lie conformal algebra R = C[∂]a⊕ C[∂]b with a λ-bracket:
α(a) = λa, α(b) = b,
[aλa] = 0, [aλb] = d(λ)b, [bλb] = 0,
where d(λ) ∈ C[λ]. Then we have a compatible Hom-left-symmetric conformal algebra
(g(A), α) with a λ-bracket:
aλa = 0, aλb = d(λ)b, bλa = 0, bλb = 0.
Let V be a C[∂]-module, recall from [10], a conformal bilinear form on V is a C-bilinear
map ωλ : V ⊗ V → C[λ] such that
ω(∂v,w)λ = −λω(v,w)λ = −ω(v, ∂w)λ,
for any v,w ∈ V . The conformal bilinear form is called skew-symmetric if ω(v,w)λ =
−ω(w, v)−λ for any v,w ∈ V .
Suppose that there is a conformal bilinear form on a C[∂]-module V . Then we have a
C[∂]-module homomorphism T : V → V ∗c, (Tv)λw = ω(v,w)λ.
A conformal bilinear form ωλ is called non-degenerate if T is isomorphism of C[∂]-
modules.
Definition 2.7. A multiplicative Hom-Lie conformal algebra (R,α) is called a symplectic
Hom-Lie conformal algebra if there is a nondegenerate skew-symmetric conformal bilinear
form ωλ on R such that
ω([aλb], α(c))µ + ω([bµ−∂c], α(a))−λ + ω([c−µa], α(b))λ−µ = 0,
for any a, b, c ∈ R.
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Example 2.8. Let R = C[∂]L⊕C[∂]E. Then (R,α) is a Hom-Lie conformal algebra with
a λ-bracket:
α(L) = f(∂)L,α(E) = g(∂)E,
[LλL] = (∂ + 2λ)E, [LλE] = [EλE] = 0.
Then (R,α) is a symplectic Hom-Lie conformal algebra with a conformal bilinear form ωλ:
ω(L,L)λ = 0, ω(L,E)λ = 1, ω(E,E)λ = 0.
Example 2.9. Let (g, α, ω) be a symplectic Hom-Lie algebra. Then (Curg, ωλ) is a sym-
plectic Hom-Lie conformal algebra with a nondegenerate skew-symmetric conformal bilin-
ear form ωλ:
ω(p(∂)a, q(∂)b)λ = p(−λ)q(λ)ω(a, b),∀p(∂), q(∂) ∈ C[∂], a, b ∈ g.
Proposition 2.10. Let (R,α, ωλ) be a symplectic Hom-Lie conformal algebra. Then there
exists a compatible Hom-left-symmetric conformal algebra structure on R with
ω(aλb, α(c))µ = −ω(α(b), [aλc])µ−λ,∀a, b, c ∈ R. (2. 4)
Proof. For any a, b, c ∈ R, we have
ω([aλb], α(c))µ
= −ω([bµ−∂c], α(a))−λ − ω([c−µa], α(b))λ−µ
= ω([aλc], α(b))λ−µ − ω([b−λ+µc], α(a))−λ
= −ω(α(b), [aλc])−λ+µ + ω(α(a), [b−λ+µc])λ
= ω(aλb− b−λ−∂ , α(c))µ.
Since ωλ is non-degenerate, we have [aλb] = aλb− b−λ−∂ . Also, we have
ω((aλb)λ+µα(c) − α(a)λ(bµc)− (bµa)λ+µα(c) + α(b)µ(aλc), α
2(d))
= −ω(α2(c), [(aλb)λ+µα(d)])ν−λ−µ + ω(α(bµc), [aλd])ν−λ
+ω(α2(c), [(bµa)λ+µα(d)])ν−λ−µ − ω(α(aµc), [bµd])ν−µ
= −ω(α2(c), [(aλb− b−λ−∂)λ+µα(d)])ν−λ−µ − ω(α(c), [α(b)µ [aλd]])ν−λ−µ
+ω(α2(c), [α(a)λ [bµd]])ν−λ−µ
= −ω(α2(c), [(aλb− b−λ−∂)λ+µα(d)] + [α(b)µ[aλd]] + [α(a)λ[bµd]]) = 0.
Therefore, (R,α) is a Hom-left-symmetric conformal algebra. 
Definition 2.11. Let (R,α) be a Hom-Lie conformal algebra. Then (R,R0, R1, ωλ, α) is
called a paraka¨hler Hom-Lie conformal algebra, if R0 and R1 are two Hom-Lie conformal
subalgebras of R such that R = R0⊕R1 as a C[∂]-module, and ω(Ri, Ri)λ = 0 for i = 0, 1.
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Example 2.12. Let (g, g0, g1, ω, α) be a paraka¨hler Hom-Lie algebra. Then (Curg,Curg0,
Curg1, ωλ, α) is also a paraka¨hler Hom-Lie conformal algebra with the following structures:
ω(p(∂)a, q(∂)b)λ = p(−λ)q(λ)ω(a, b),
for any p(∂), q(∂) ∈ C[∂] and a, b ∈ g.
Proposition 2.13. Let (R,R0, R1, ωλ, α) be a paraka¨hler Hom-Lie conformal algebra.
Then (2.4) defines a compatible Hom-left-symmetric conformal algebra structure on (R,α).
Proof. Directly from Proposition 2.9. 
3 Matched pairs of Hom-left-symmetric conformal algebras
In this section, we study the matched pairs of Hom-Lie conformal algebras and Hom-
left-symmetric conformal algebras.
Proposition 3.1. [14] Let (R,α) be a Hom-Lie conformal algebra and (M,β) a module
over R. Then the C[∂]-module (R⊕M,α+ β) can be endowed with a Hom-Lie conformal
algebra structure as follows:
[(a+ u)λ(b+ v)] = [aλb] + aλv − b−λ−∂u,
(α+ β)(a + u) = α(a) + β(u),
for any a, b ∈ A and u, v ∈M . Denote this Hom-Lie conformal algebra by R⋉M .
Proposition 3.2. Let (R,α) and (R′, α′) be two Hom-Lie conformal algebras. Suppose
that ρ : R → gc(R′) and σ : R′ → gc(R) are two representations satisfying the following
conditions:
ρ(α(x)λ[aµb]− [(ρ(x)λa)λ+µα
′(b)]− [α′(a)µ(ρ(x)λb)] + ρ(σ(a)−λ−∂x)λ+µα
′(b)
−ρ(σ(b)−λ−∂x)−µ−∂α
′(a) = 0, (3. 1)
σ(α′(a)−λ−µ−∂ [xλy]− [α(x)λ(σ(a)−µ−∂y)] + [α(y)µ(σ(a)−λ−∂x)]
+σ(ρ(x)λa)−µ−∂α(y)− σ(ρ(y)µa)−λ−∂α(x) = 0, (3. 2)
for any x, y ∈ R and a, b ∈ R′. Then their is a Hom-Lie conformal algebra structure on
C[∂]-module (R⊕R′, α+ α′):
[(x+ a)λ(y + b)] = [xλy] + σ(a)λy − σ(b)−λ−∂x
+[aλb] + ρ(x)λb− ρ(y)−λ−∂a, (3. 3)
(α+ α′)(x+ a) = α(x) + α′(a), (3. 4)
for any x, y ∈ R and a, b ∈ R′. We denote this Hom-Lie conformal algebra by R ⊲⊳ R′. If
(R,R′, α, a′, ρ, σ) satisfying the above conditions, then we call it a matched pair of Hom-Lie
conformal algebras.
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Proof. For any x, y, z ∈ R and a, b, c ∈ R′, we get
R(x+ a, y + b, z + c)(α+α′) = [(α+ α
′)(x+ a)λ[(y + b)µ(z + c)]]
−[[(x+ a)λ(y + b)]λ+µ(α + α
′)(z + c)]] − [(α+ α′)(y + b)µ[(x+ a)λ(z + c)]].
By direct computation, R(x, y, z) = 0 if and only if (R,α) is a Hom-Lie conformal algebra,
and R(a, b, c) = 0 if and only if (R′, α′) is a Hom-Lie conformal algebra. R(x, y, a) = 0
or R(x, a, y) = 0 or R(a, x, y) = 0 if and only if ρ is a representation of (R,α) and (3.3)
holds, R(x, a, b) = 0 or R(a, x, b) = 0 or R(a, b, x) = 0 if and only if σ is a representation
of (R′, α′) and (3.4) holds. And this the proof. 
Definition 3.3. Let (A,α) be a Hom-left-symmetric conformal algebra and (M,β) a mod-
ule. Then we call (M,β) a C[∂]-module if there is an even linear endomorphism α such
that β∂ = ∂β and two C-bilinear maps
A⊗M → C[λ]⊗M,a⊗m 7→ aλm, M ⊗A→ C[λ]⊗M,m⊗ a 7→ mλa
satisfying
(∂a)λm = −λaλm, (∂m)λa = −λmλa,
(aλb)λ+µβ(m)− α(a)λ(bµm) = (bµa)λ+µβ(m)− α(b)µ(aλm),
(aλm)λ+µα(b) − α(a)λ(mµb) = (mµa)λ+µα(b)− β(m)µ(aλb),
for any a, b ∈ A and m ∈M .
Definition 3.4. Let (A,α) be a Hom-left-symmetric conformal algebra and (M,β) a
C[∂]-module. Assume lA, rA : A → Cend(M) are two C[∂]-module homomorphisms.
(M, lA, rA, β) is called a module if
β(lA(a)m) = lA(α(a))β(m), β(rA(a)m) = rA(α(a))β(m), (3. 5)
lA(∂a)λv = −λlA(a)λv, rA(a)λ(∂v) = −λrA(a)λ(v),
lA(aλb)λ+µβ(v) − lA(α(a))λ(lA(b)v) = lA(bµa)λ+µβ(v)− lA(α(b))µ(lA(a)λv), (3. 6)
rA(α(b))−λ−µ−∂(lA(a)λv)− lA(α(a))λ(rA(b)−µ−∂v)
= rA(α(b))−λ−∂µ(rA(a)λv)− rA(aλb)−µ−∂β(v), (3. 7)
for any a, b ∈ A and m ∈M .
Proposition 3.5. Let (A,α) be a Hom-left-symmetric conformal algebra and (M,β) a
C[∂]-module. Assume lA, rA : A→ Cend(M) are two C[∂]-module homomorphisms. Then
(M, lA, rA, β) is a module if and only if (A⊕M,α+β) is a Hom-left-symmetric conformal
algebra with the λ-product
(a+ u)λ(b+ v) = aλb+ lA(a)λv + r(b)−λ−∂u,
(α+ β)(a+ u) = α(a) + β(u),
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for any a, b ∈ A and u, v ∈M . We denote it by A⋉lA,rA M .
Proof. Similar to Proposition 3.1. 
Lemma 3.6. Let (M, lA, rA, β) be a module of a Hom-left-symmetric conformal algebra
(A,α). Then
(1) lA : A → Cend(M) is a representation of the sub-adjacent Hom-Lie conformal
algebra (g(A), α).
(2) ρ = lA − rA is a representation of the Hom-Lie conformal algebra (g(A), α).
(3) For any representation σ : g(A) → Cend(M) of the Hom-Lie conformal algebra
(g(A), α), (M,σ, 0) is an A-module.
Proof. We only show that (2) holds. To prove (2), we need to show that ρ([aλb])λ+µ =
[ρ(a)λρ(b)].In fact
[(lA − rA)(a)λ, (lA − rA)(b)µ]β(v) − (lA − rA)([aλb])λ+µβ(v)
= (lA − rA)(α(a))λ(bµv − v−µ−∂b)− (lA − rA)(α(b))µ(aλv − v−µ−∂a)
−(lA − rA)(aλb− b−µ−λa)β(v)
= α(a)λ(bµv)− (bµv)−λ−∂α(a) − α(a)λ(v−µ−∂b) + (v−µ−∂b)−λ−∂α(a)
−α(b)µ(aλv) + (aλv)−µ−∂α(b) + α(b)µ(v−λ−∂a)− (v−λ−∂a)−µ−∂α(b)
−(aλb)λ+µβ(v) + β(v)−λ−µ−∂(aλb) + (b−λ−∂a)λ+µβ(v) − β(v)−λ−µ−∂(b−λ−∂a)
= (α(a)λ(bµv)− α(b)µ(aλv)− (aλb)λ+µβ(v) + (b−λ−∂a)λ+µβ(v))
(−(bµv)−λ−∂α(a) + (v−µ−∂b)−λ−∂α(a) + α(b)µ(v−λ−∂a)− β(v)−λ−µ−∂(b−λ−∂a))
(−α(a)λ(v−µ−∂b) + (aλv)−µ−∂α(b)− (v−λ−∂a)−µ−∂α(b) + β(v)−λ−µ−∂(aλb))
= 0.
And finish this proof. 
Proposition 3.7. Let (A,α) be a Hom-left-symmetric conformal algebra and (M, lA, rA, β)
be a finite module. Let l∗A, r
∗
A : A→ Cend(M
∗c) be two C[∂]-module homomorphisms given
by
α∗(a∗)(b) = a∗(α(y)), β∗(u∗)(v) = u∗(β(v)), (3. 8)
(l∗A(a)λf)µu = −fµ−λ(lA(a)λu), (r
∗
A(a)λf)µu = −fµ−λ(rA(a)λu). (3. 9)
If in addition,
β(lA(α(a))m) = lA(a)β(m), β(rA(α(a))m) = rA(a)β(m), (3. 10)
β(lA(aλb)λ+µv)− lA(a)λ(lA(α(b))v) = β(lA(bµa)λ+µv)− lA(b)µ(lA(α(a))λv),(3. 11)
rA(b)−λ−µ−∂(lA(α(a))λv)− lA(a)λ(rA(α(b))−µ−∂v)
= rA(b)−λ−∂µ(rA(α(a))λv)− β(rA(aλb)−µ−∂v), (3. 12)
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for any a, b ∈ A, a∗ ∈ A∗, f ∈ M∗c and u ∈ M . Then (M∗c, l∗A − r
∗
A,−r
∗
A, β
∗) is an
A-module.
Proof. Let ρ∗ = l∗A − r
∗
A. According to (3.6) and (3.7), we have
β∗(ρ∗(a)λf)µu
= (l∗A(a)λf)µβ(u)− (r
∗
A(a)λf)µβ(u)
= −fµ−λ(lA(a)λβ(u)) + fµ−λ(rA(a)λβ(u))
= fµ−λ((rA(a)− lA(a))λβ(u)),
and
ρ∗(α(a))λβ
∗(f)µu
= l∗A(α(a))λβ
∗(f)µu− r
∗
A(α(a))λβ
∗(f)µu
= fµ−λ(β(rA(α(a)) − lA(α(a)))λv),
that is (3.1) holds for l∗A − r
∗
A. Similarly, (3.1) holds for −r
∗
A. According to (3.8)-(3.10),
we have
−(ρ∗A(α(a))λ(r
∗
A(b)−µ−∂f))νu+ r
∗
A(α(b))−λ−µ−∂(ρ
∗
A(a)λf))νu
+(r∗A(α(b))−λ−µ−∂(r
∗
A(a)λf)νu+ (r
∗
A(aλb)−ν−∂β
∗(f))νu
= (ρ∗A(α(a))λf)λ+µ(rA(b)−λ−µ+νu)− (r
∗
A(α(b))−µ−∂f)ν−λ(ρA(a)λ(v))
−(r∗A(a)λf)λ+µ(rA(α(b))−λ−µ+νu)− β
∗(fµ(rA(aλb)ν−µu))
= −fµ(rA(b)ν−λ−µ((lA(α(a)) − rA(α(a)))λu)) + fµ((lA(a)− rA(a))λ(rA(α(b))−λ−µ+νu))
+fµ(rA(a)λ(rA(α(b))−λ−µ+νu))− fµ(β(rA(aλb)ν−µu))
= −fµ(rA(b)ν−λ−µ((lA(α(a)) − rA(α(a)))λu)) + fµ((lA(a))λ(rA(α(b))−λ−µ+νu))
−fµ(β(rA(aλb)ν−µu)) = 0.
Similarly, by [ρ∗A(a)λ, ρ
∗
A(b)µ] = ρ
∗([aλb]),∀a, b ∈ A, (3.2) holds. Therefore, we have that
(M∗c, l∗A − r
∗
A,−r
∗
A, β
∗) is an A-module. 
Proposition 3.8. Let (A,α) and (B, γ) be two Hom-left-symmetric conformal algebras.
Suppose that there are C[∂]-module homomorphisms lA, rA : A→ gc(B) and lB, rB : B →
gc(A) such that (B, lA, rA, γ) is an A-module and (A, lB , rB , α) is a B-module satisfying
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the following conditons
rA(α(x))−λ−µ−∂ (aλb) = rA(lB(b)µx)−λ−∂γ(a)− rA(lB(a)λx)−µ−∂γ(b)
+γ(a)λ(rA(x)−µ−∂b)− γ(b)µ(rA(x)−λ−∂a), (3. 13)
lA(α(x))λ(aµb) = −lA(lB(a)µx− rB(a)−λ−∂x)λ+µγ(b) + (lA(x)λa
−rA(x)−µ−∂a)λ+µγ(b) + rA(rB(b)−λ−∂x)−µ−∂γ(a) + γ(a)µ(lA(x)λb), (3. 14)
rB(γ(a))−λ−µ−∂(xλy) = rB(lA(y)µa)−λ−∂α(x)− rB(lA(x)λa)−µ−∂α(y)
+α(x)λ(rB(a)−µ−∂y)− α(y)µ(rB(a)−λ−∂x), (3. 15)
lB(γ(a))λ(xµy) = −lB(lA(x)µa− rA(x)−λ−∂a)λ+µα(y) + (lB(a)λx
−rB(a)−µ−∂x)λ+µα(y) + rB(rA(y)−λ−∂a)−µ−∂α(x) + α(x)µ(lB(a)λy), (3. 16)
for any x, y ∈ A and a, b ∈ B. Then there is a Hom-left-symmetric conformal algebra on
the C[∂]-module A⊕B given by
(x+ a)λ(y + b) = (xλy + lB(a)λy + rB(b)−λ−∂x) + (aλb+ lA(x)λb+ rA(y)−λ−∂a),
(α+ γ)(x+ a) = α(x) + γ(a),
for any x, y ∈ A and a, b ∈ B. We denote this Hom-left-symmetric conformal algebra by
(A ⊲⊳ B,α + γ). And (A,B, lA, rA, lB , rB , α, γ) satisfying the above conditions is called a
matched pair of Hom-left-symmetric conformal algebras.
Proof. Similar to Proposition 3.2. 
Corollary 3.9. Let (A,α) and (B, γ) be two Hom-left-symmetric conformal algebras.
Suppose that there are C[∂]-module homomorphisms ρ : A → gc(B) and σ : B → gc(A)
such that
ρ(α(x))λ(aµb) = (ρ(x)λa)λ+µγ(b)− (ρ(σ(a))µx)λ+µγ(b) + γ(a)µ(ρ(x)λb),
σ(γ(a))λ(xµy) = (ρ(a)λx)λ+µα(y)− (σ(ρ(x))µa)λ+µα(y) + α(x)µ(σ(a)λy),
for any x, y ∈ A and a, b ∈ B. Then the C[∂]-module A⊕B given by
(x+ a)λ(y + b) = (xλy) + σ(a)λy) + (aλb+ ρ(x)λb),
(α+ γ)(x+ a) = α(x) + γ(a).
Therefore, its sub-adjacent Hom-Lie conformal algebra is given by
[(x+ a)λ(y + b)] = (xλy − y−λ−∂x+ σ(a)λy − σ(b)−λ−∂x) + (aλb− b−λ−∂a
+ρ(x)λb− ρ(y)−λ−∂a),
(α+ γ)(x+ a) = α(x) + γ(a).
for any x, y ∈ A and a, b ∈ B.
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Corollary 3.10. Let (A,B, lA, rA, lB , rB , α, γ) be a matched pair of Hom-left-symmetric
conformal algebras. Then (g(A), g(B), lA − rA, lB − rB , α, γ) is a matched pair of Hom-lie
conformal algebras.
Theorem 3.11. Let (A,α) be a Hom-left-symmetric conformal algebra which is free and
finite as a C[∂]-module. Suppose there is another Hom-left-symmetric conformal algebra
structure on the C[∂]-module (A∗c, α∗). Then (g(A), g(A∗c), L∗A, L
∗
A∗c , α, α
∗) is a matched
pair of Hom-Lie conformal algebras if and only if (A,A∗c, ad∗A,−R
∗
A, ad
∗
A∗c − R
∗
A∗c , α, α
∗)
is a matched pair of Hom-left-symmetric conformal algebras.
Proof. ⇒ let lA = ad
∗
A, rA = −R
∗
A, lB = lA∗c = ad
∗
A∗c , rB = rA∗c = −R
∗
A∗c , ρ = L
∗
A
and σ = L∗A∗c. Let e1, ..., en be a C[∂]-basis of A, and e
∗
1, ..., e
∗
n be a dual C[∂]-basis of A
∗c in
the sense that (e∗j )λei = δij. Set eiλej =
∑n
k=1 P
ij
k (λ, ∂)ek and e
∗
iλe
∗
j =
∑n
k=1R
ij
k (λ, ∂)e
∗
k,
where P ijk (λ, ∂), R
ij
k (λ, ∂) ∈ C[λ, ∂]. Since
(L∗A(ei)λe
∗
j )µek = −e
∗
jµ−λ(eiλek) = −P
ik
j (λ, µ − λ),
we have
L∗A(ei)λe
∗
j = −
n∑
k=1
P ikj (λ, ∂)e
∗
k.
Similarly, we have
R∗A(ei)λe
∗
j = −
n∑
k=1
P kij (∂,−λ− ∂)e
∗
k,
L∗A∗c(e
∗
i )λej = −
n∑
k=1
Rikj (λ,−λ− ∂)ek,
R∗A∗c(e
∗
i )λe
∗
j = −
n∑
k=1
Rkij (∂,−λ− ∂)ek.
By direct computation , we have
(L∗A(ei)λ([e
∗
jµe
∗
k]))νet = −(R
∗
A(et)−η−θ−∂([e
∗
jηe
∗
k]))ωei
−([(L∗A(ei)λe
∗
j)λ+µe
∗
k])νet = (R
∗
A(ad
∗
A∗c(e
∗
k)θet)−η−∂e
∗
j )ωei
([e∗jµ(L
∗
A(ei)λe
∗
k)])νet = (R
∗
A(ad
∗
A∗c(e
∗
j )ηet)−θ−∂e
∗
k)ωei
(L∗A(L
∗
A∗c(e
∗
j )−λ−∂ei)λ+µe
∗
k)νet = (e
∗
jη(R
∗
A(et)−θ−∂e
∗
k))ωei
(L∗A(L
∗
A∗c(e
∗
k)−λ−∂ei)−µ−∂e
∗
j )νet = (e
∗
kθ(R
∗
A(R
∗
A(et)−η−∂e
∗
j )))ωei,
by letting η = µ, ω = −λ and θ = ν − λ− µ. Therefore, (3.1)⇔ (3.12), Similarly, we get
(3.1) ⇔ (3.12)⇔ (3.15)
(3.2) ⇔ (3.13)⇔ (3.14)
⇐ It follows from Corollary 3.10. 
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4 Hom-left-symmetric conformal bialgebras
In this section, we introduce the notion of a Hom-left-symmetric conformal bialge-
bra, which is equivalent to the paraka¨hler Hom-Lie conformal algebra. In particular, we
investigate the coboundary Hom-left-symmetric conformal bialgebras.
Definition 4.1. A Hom-left-symmetric conformal coalgebra (A,α) is a C[∂]-module equipped
with an even linear endomorphism α such that α∂ = ∂α, and a C-module homomorphism
∆ : A→ A⊗A such that
(α⊗∆)∆(x)− τ12(α⊗∆)∆(x) = (∆⊗ α)∆(x)− τ12(∆⊗ α)∆(x),
where τ12(x⊗ y ⊗ z) = y ⊗ x⊗ z for any x, y, z ∈ A.
Proposition 4.2. Let (A,α,∆) be a finite Hom-left-symmetric conformal coalgebra. Then
A∗c = Chom(A,C) is a Hom-left-symmetric conformal algebra endowed with the following
product
(fµg)λ(r) =
∑
fµ(r(1))gλ−µ(r(2)) = (f ⊗ g)µ,λ−µ(∆(r)),
where ∆(r) =
∑
r(1) ⊗ r(2).
Proof. It is easy to check that (2.1) holds, we only check that
(fλg)λ+µα
∗(h) − α∗(f)λ(gµh) = (gµf)λ+µα
∗(h)− α∗(g)µ(fλh). (4. 1)
For this, we calculate
((fλg)λ+µα
∗(h) − α∗(f)λ(gµh))ν(r)
=
∑
(fλg)λ+µ(r(1))α
∗(h)ν−λ−µ(r(2))−
∑
α∗(f)λ(r(1))(gµh))ν−λ(r(2))
=
∑
fλ(r(11))gµ(r(12))hν−λ−µ(α(r(2)))−
∑
fλ(α(r(1)))gµ(r(21))hν−λ−µ(r(22)),
((gµf)λ+µα
∗(h)− α∗(g)µ(fλh))ν(r)
=
∑
(gµf)λ+µ(r(1))α
∗(h)ν−λ−µ(r(2))−
∑
α∗(g)µ(r(1))(fλh))ν−µ(r(2))
=
∑
fλ(r(12))gµ(r(11))hν−λ−µ(α(r(2)))−
∑
fλ(r(2))gµ(α(r(1)))hν−λ−µ(r(22)),
where δ(r(1)) =
∑
r(11) ⊗ r(12) and δ(r(2)) =
∑
r(21) ⊗ r(22). Then A
∗c = Chom(A,C) is a
Hom-left-symmetric conformal algebra. 
Proposition 4.3. Let (A,α) be a Hom-left-symmetric conformal algebra which is free of
finite rank, that is A =
∑n
i=1 C[∂]ei. Then A
∗c = Chom(A,C) =
∑n
i=1C[∂]e
∗
i , where e
∗
i is
a dual C[∂]-basis of A∗c in the sense that (e∗i )λej = δij , is a Hom-left-symmetric conformal
coalgebra with the following coproduct
δ(f) =
∑
i,j
fµ(eiλej)(e
∗
i ⊗ e
∗
j )|λ=∂⊗1,µ=−∂⊗1−1⊗∂ .
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Proof. Similar to [7]. 
Let (A,α) be a Hom-left-symmetric conformal algebra, we know that (A⊗A,φA) is a
module over g(A), we consider the reduced complex for the g(A)-module (A⊗A,φA). The
details about cohomology of Hom-conformal algebras can be referred to [14]. A 1-cochain
is the map δ : A → (A ⊗ A)[λ] such that δλ(∂a) = −λδλ(a). A 1-cochain is the map
δ : A→ A⊗A such that δ is a C[∂]-module homomorphism. The condition dδ = 0 as
δ(α([aλb])) = φA(a)λδ(b) − φA(b)−λ−∂δ(a), a, b ∈ A. (4. 2)
If δ is a C[∂]-module homomorphism and satisfies (4.2), we say δ is a 1-cocycle of g(A)
associated to (A⊗A,φA).
Theorem 4.4. Let (A,α) be a Hom-left-symmetric conformal algebra which is free and
finite as a C[∂]-module, whose λ-product is obtained from a C[∂]-module homomorphism
ψ : A∗c → A∗c ⊗ A∗c. Suppose there is another Hom-left-symmetric conformal algebra
structure on the C[∂]-module (A∗c, α∗) obtained from a C[∂]-module homomorphism ϕ :
A→ A⊗A. Then (g(A), g(A∗c), L∗A, L
∗
A∗c , α, α
∗) is a matched pair of Hom-Lie conformal
algebras if and only if ϕ : A→ A⊗A is a 1-cocycle of g(A) associated to LA⊗α+α⊗adA
and ψ : A∗c → A∗c ⊗A∗c is a 1-cocycle of g(A∗c) associated to LA∗c ⊗ α
∗ + α∗ ⊗ adA∗c.
Proof. Let e1, ..., en be a C[∂]-basis of A and e
∗
1, ..., e
∗
n the dual C[∂]-basis of A
∗c in
the sense that (e∗j )λei = δij. Set eiλej =
∑n
k=1 P
ij
k (λ, ∂)ek and e
∗
iλe
∗
j =
∑n
k=1R
ij
k (λ, ∂)e
∗
k,
where P ijk (λ, ∂), R
ij
k (λ, ∂) ∈ C[λ, ∂]. By Proposition 4.3, we have
ϕ(ek) =
∑
i,j
Q
ij
k (∂ ⊗ 1, 1 ⊗ ∂)ei ⊗ ej , where Q
ij
k (x, y) = R
ij
k (x,−x− y),
ψ(e∗k) =
∑
i,j
S
ij
k (∂ ⊗ 1, 1⊗ ∂)e
∗
i ⊗ e
∗
j , where S
ij
k (x, y) = P
ij
k (x,−x− y),
Furthermore, we have
ϕ([eiλej ]) = [LA(ei)λ ⊗ α+ α⊗ adA(ei)λ]ϕ(ej)
−[LA(ej)λ ⊗ α+ α⊗ adA(ej)λ]ϕ(ei).
Let α(ei) =
∑
s f(∂)es, α(et) =
∑
n g(∂)en, α(el) =
∑
n h(∂)em. Hence the coefficient of
em ⊗ en gives the following relation
∑
k
(pijk (λ, ∂
⊗2)− P jik (−λ− ∂
⊗2 , ∂⊗
2
))Rstk (∂ ⊗ 1,−∂
⊗2)f(∂)
=
∑
k
(piks (λ, ∂ ⊗ 1)R
kt
j (λ+ ∂ ⊗ 1,−λ− ∂
⊗2)g(∂)
+
∑
k
h(∂)(P ikt (λ, 1 ⊗ ∂)− P
ki
t (−λ− 1⊗ ∂, 1⊗ ∂))R
sk
j (1⊗ ∂,−λ− ∂
⊗2)
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−
∑
k
(pjks (−λ− ∂
⊗
2
, ∂ ⊗ 1)Rkti (−λ− 1⊗ ∂, λ)g(∂)
−
∑
k
h(∂)(P jkt (−λ− ∂
⊗2 , 1⊗ ∂)− P kjt (λ+ ∂ ⊗ 1, 1 ⊗ ∂))R
sk
i (∂ ⊗ 1, λ),
where ∂⊗
2
= ∂ ⊗ 1 + 1+ ∂, which is precisely the relation given by the coefficient of en in
−L∗A∗c(α
∗(e∗m))−λ−µ−∂ [eiλej ] = L
∗
A∗c(L
∗
A(ei)λe
∗
m)−µ−∂α(ej)− [α(ei)λ(L
∗
A∗c(e
∗
m))−µ−∂ej]
−L∗A∗c(L
∗
A(ej)µe
∗
m)−λ−∂α(ei) + [α(ej)µ(L
∗
A∗c(e
∗
m))−λ−∂ei].
It is just the condition for (g(A), g(A∗c), L∗A, L
∗
A∗c , α, α
∗) is a matched pair of Hom-Lie
conformal algebras. Then ϕ : A → A⊗ A is a 1-cocycle of g(A) if and only if (3.2) holds
in the case ρ = L∗A and σ = L
∗
A∗c. Similarly, ψ : A
∗c → A∗c ⊗A∗c is a 1-cocycle of g(A∗c)
if and only if (3.1) holds when ρ = L∗A and σ = L
∗
A∗c . 
Definition 4.5. Let (A,α) be a finitely generated C[∂]-module. A Hom-left-symmetric
conformal bialgebra on (A,α) is a six-tuple (A,A∗c, α, α∗, ϕ, ψ), where ϕ : A→ A⊗A and
ψ : A∗c → A∗c ⊗ A∗c are two C[∂]-module homomorphisms, (A,α, ϕ) and (A∗, α∗, ψ) are
two Hom-left-symmetric conformal coalgebras, satisfying the following conditions:
(1) ϕ is a 1-cocycle of g(A) associated to LA ⊗ α+ α⊗ adA,
(2) ψ is a 1-cocycle of g(A∗c) associated to LA∗c ⊗ α
∗ + α∗ ⊗ adA∗c.
We denote this Hom-left-symmetric conformal bialgebra by (A,A∗c, ϕ, ψ).
By Theorem 3.11 and Theorem 4.4, we have the following proposition.
Proposition 4.6. Let (A,α) be a Hom-left-symmetric conformal algebra which is free
and finite as a C[∂]-module. Suppose that there is also a Hom-left-symmetric conformal
algebra structure on (A∗c, α∗). Then the following conditions are equivalent:
(1) (A,A∗c, ϕ, ψ, φ) is a Hom-left-symmetric conformal bialgebra on (A,α), where ϕ,ψ
are two C[∂]-module homomorphisms which are obtained from the λ-products of (A∗c, α∗)
and (A,α), respectively.
(2) (g(A), g(A∗c), L∗A, L
∗
A∗c , α, α
∗) is a matched pair of Hom-Lie conformal algebras.
(3) (A,A∗c, ad∗A,−R
∗
A, ad
∗
A∗c − R
∗
A∗c , α, α
∗) is a matched pair of Hom-left-symmetric
conformal algebras.
(4) (g(A) ⊲⊳ g(A∗c, g(A), g(A∗c, ωλ) is a paraka¨hler Hom-Lie conformal algebra.
Definition 4.7. A Hom-left-symmetric conformal bialgebra (A,A∗c, ϕ, ψ) is called cobound-
ary if ϕ is a 1-coboundary of associated to LA⊗α+α⊗adA, that is there exists a r ∈ A⊗A
such that
ϕ(a) = (LA(a)⊗ α+ α⊗ adA(a))λr|λ=−∂⊗2 , (4. 3)
for any a ∈ A, where ∂⊗
2
= ∂ ⊗ 1 + 1 + ∂.
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Let r =
∑
i ri ⊗ li ∈ A⊗A. Set
r12 =
∑
i
ri ⊗ li, r21 =
∑
i
li ⊗ ri.
Define
[[r, r]] =
∑
i,j
(riµrj ⊗ α(lj)⊗ α(li))|µ=1⊗1⊗∂ −
∑
i,j
(α(lj)⊗ riµrj ⊗ α(li))|µ=1⊗1⊗∂
−
∑
i,j
(α(rj)⊗ [ljµri]⊗ α(li))|µ=∂⊗1⊗1 +
∑
i,j
([ljµri]⊗ α(rj)⊗ α(li))|µ=1⊗∂⊗1
−
∑
i,j
(α(ri)⊗ α(rj)⊗ [liµlj])|µ=∂⊗1⊗1.
Let Q(x)λ = LA(x)λ⊗α⊗α+α⊗LA(x)λ ⊗α+α⊗α⊗ adA(x)λ, P (x)λ = LA(x)λ⊗α+
α⊗ LA(x)λ. Set
M(a) =
∑
j
P (aλrj)µ(r12 − r21)⊗ α
2(lj)|λ=−∂⊗3 ,µ=−∂⊗2⊗1
−
∑
j
P (α(a))λ(P (rj))µ(r12 − r21)⊗ α
2(lj)|λ=−∂⊗3 ,µ=−1⊗1⊗∂ ,
Jδ(a) = α
⊗
3
(Q(a)λ[[r, r]]λ=−∂⊗3 ) +M(a),
where ∂⊗
3
= ∂ ⊗ 1⊗ 1 + 1⊗ ∂ ⊗ 1 + 1⊗ 1⊗ ∂.
Proposition 4.8. Let (A,α) be a Hom-left-symmetric conformal algebra and r =
∑
i ri⊗
li ∈ A⊗A. Assume that α
⊗2(r) = r. Define a map δ : A→ A⊗A by
δ(a) = (LA(a)⊗ α+ α⊗ adA(a))λr|λ=−∂⊗2 ,
for any a ∈ A. Then (A, δ, α) is a Hom-left-symmetric conformal coalgebra if and only if
Jδ(a) = 0.
Proof. For any a ∈ A, we only need to prove that
Jδ(a) = (α ⊗ δ)δ(a) − τ12(α⊗ δ)δ(a) − (δ ⊗ α)δ(a) − τ12(δ ⊗ α)δ(a).
We will repeat using α⊗
2
(r) = r, by computation, we have
(α⊗ δ)δ(a)
= (α⊗ δ)(
∑
i
aλri ⊗ α(li) + α(ri)⊗ [aλli])|λ=−∂⊗2
= (α⊗ δ)(
∑
i
aλri ⊗ α(li) + α(ri)⊗ [aλli])
=
∑
i
α(aλri)⊗ δ(α(li)) + α
2(ri)⊗ δ([aλli])
=
∑
i,j
α(a)λri ⊗ δ(li) + α
2(ri)⊗ δ([aλli])
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=
∑
i,j
α(a)λri ⊗ liµrj ⊗ α(lj) + α(a)λri ⊗ α(rj)⊗ [liµlj ]
+α(ri)⊗ [aλli]µrj ⊗ α(lj) + α(ri)⊗ α(rj)⊗ [[aλli]µlj ]|λ=−∂⊗3 ,µ=−1⊗∂⊗2 .
Similarly, we can obtain
(δ ⊗ α)δ(a)
=
∑
i,j
(aλri)µrj ⊗ α(lj)⊗ α
2(li) + α(rj)⊗ [(aλri)µrj ]⊗ α
2(li)
+α(ri)µrj ⊗ α(lj)⊗ [aλli] + α(rj)⊗ [α(ri)µlj ]⊗ [aλli]|λ=−∂⊗3 ,µ=−1⊗∂⊗2 .
Furthermore, we have
Jδ(a) = (C1) + (C2) + (C3),
where
(C1) =
∑
i,j
((aλrj)µri ⊗ α(li)⊗ α
2(lj) + α(ri)⊗ [(aλrj)µri]⊗ α
2(lj))|λ=−∂⊗3 ,µ=−1⊗∂⊗2
−
∑
i,j
(α(li)⊗ (aλrj)µri ⊗ α
2(lj) + [(aλrj)µli]⊗ α(ri)⊗ α
2(lj))|λ=−∂⊗3 ,µ=−1⊗∂⊗2
−
∑
i,j
(α(aλri)⊗ α(liµrj)⊗ α
2(lj) + α
2(ri)⊗ [aλli]µα(rj)⊗ α
2(lj))|λ=−∂⊗3 ,µ=−1⊗∂⊗2
+
∑
i,j
(α(liµrj)⊗ α(aλri)⊗ α
2(lj) + [aλli]µα(rj)⊗ α
2(ri)⊗ α
2(lj))|λ=−∂⊗3 ,µ=−1⊗∂⊗2
(C2) =
∑
i,j
α(rj)µri ⊗ α(li)⊗ [aλlj] + α(ri)⊗ [α(rj)µli]⊗ [aλlj ]|λ=−∂⊗3 ,µ=−1⊗∂⊗2
∑
i,j
α(li)⊗ α(rj)µri ⊗ [aλlj] + [α(rj)µli]⊗ α(ri)⊗ [aλlj ]|λ=−∂⊗3 ,µ=−1⊗∂⊗2 ,
(C3) = −
∑
i,j
α(a)λri ⊗ α(rj)⊗ [liµlj ] + α(ri)⊗ α(rj)⊗ [[aλli]µlj]|λ=−∂⊗3 ,µ=−1⊗∂⊗2 ,
+
∑
i,j
α(rj)⊗ α(a)λri ⊗ [liµlj ] + α(rj)⊗ α(ri)⊗ [[aλli]µlj]|λ=−∂⊗3 ,µ=−1⊗∂⊗2 ,
On the other hand, we have
α⊗
3
(Q(a)λ[[r, r]]λ=−∂⊗3 )
=
∑
i,j
(α(a)λ(riµrj)⊗ α
2(lj)⊗ α
2(li)|µ=1⊗1⊗∂ + α(riµrj)⊗ α(aλlj)⊗ α
2(li)|µ=1⊗1⊗∂
+α(riµrj)⊗ α
2(lj)⊗ [α(a)λα(li)]|µ=−∂⊗2⊗1 − α(aλlj)⊗ α(riµrj)⊗ α
2(li)|µ=1⊗1⊗∂
−α2(lj)⊗ α(a)λ(riµrj)⊗ α
2(li)|µ=1⊗1⊗∂ − α
2(lj)⊗ α(riµrj)⊗ [α(a)λα(li)]|µ=−∂⊗2⊗1
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−α(aλrj)⊗ α([ljµri])⊗ α
2(li)|µ=−1⊗∂⊗2 − α
2(rj)⊗ α(a)λ[ljµri]⊗ α
2(li)|µ=∂⊗1⊗1
−α2(rj)⊗ α([ljµri])⊗ [α(a)λα(li)]|µ=∂⊗1⊗1 + α(a)λ[ljψri]⊗ α
2(rj)⊗ α
2(li)|µ=1⊗∂⊗1
+α([ljψri])⊗ α(aλrj)⊗ α
2(li)|µ=−1⊗1⊗∂−∂⊗1⊗1 + α([ljµri])⊗ α
2(rj)⊗ [α(a)λα(li)]|µ=1⊗∂⊗1
−α(aλri)⊗ α
2(rj)⊗ α([liµlj ])|µ=−1⊗∂⊗2 − α
2(ri)⊗ α(aλrj)⊗ α([liµlj ])|µ=∂⊗1⊗1
−α2(ri)⊗ α
2(rj)⊗ [α(a)λ[liµlj ]]|µ=∂⊗1⊗1)|λ=−∂⊗3 ,
M(a) =
∑
i,j
((aλrj)µri ⊗ α(li)⊗ α
2(lj)|µ=∂⊗2⊗1 + α(ri)⊗ (aλrj)µli ⊗ α
2(lj)|µ=∂⊗2⊗1
−(aλrj)µli ⊗ α(ri)⊗ α
2(lj)|µ=∂⊗2⊗1 − α(li)⊗ (aλrj)µri ⊗ α
2(lj)|µ=∂⊗2⊗1
−α(a)λ(rjµri)⊗ α
2(li)⊗ α
2(lj)|µ=1⊗1⊗∂ − α(rjµri)⊗ α(aλli)⊗ α
2(lj)|µ=1⊗1⊗∂
−α(a)λα(ri)⊗ α(rjµli)⊗ α
2(lj)|µ=1⊗1⊗∂ − α
2(ri)⊗ α(a)λ(rjµli)⊗ α
2(lj)|µ=1⊗1⊗∂
α(a)λ(rjµli)⊗ α
2(ri)⊗ α
2(lj)|µ=1⊗1⊗∂ + α(rjµli)⊗ α(a)λα(ri)⊗ α
2(lj)|µ=1⊗1⊗∂
α(aλli)⊗ α(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂ + α
2(li)⊗ α(a)λ(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂)|λ=−∂⊗3 .
After rearranging the terms suitably, the sum of the terms whose third component is α2(lj)
in Jδ(a) is
(D1) = (D11) + (D12) + (D13) + (D14) + (D15) + (D16) + (D17),
where
(D11) =
∑
i,j
α(a)λ(riµrj)⊗ α
2(lj)⊗ α
2(li)|µ=1⊗1⊗∂ + (aλrj)µri ⊗ α(li)⊗ α
2(lj)|µ=∂⊗2⊗1
−α(a)λ(riµrj)⊗ α
2(lj)⊗ α
2(li)|µ=1⊗1⊗∂ |λ=−∂⊗3
=
∑
i,j
(aλrj)µri ⊗ α(li)⊗ α
2(lj)|λ=−∂⊗3 ,µ=∂⊗2⊗1
(D12) =
∑
i,j
−α(li)⊗ (aλrj)µri ⊗ α
2(lj)|µ=∂⊗2⊗1 + α
2(li)⊗ α(a)λ(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂
−α2(li)⊗ α(a)λ(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂ |λ=−∂⊗3
= −
∑
i,j
α(li)⊗ (aλrj)µri ⊗ α
2(lj)|λ=−∂⊗3 ,µ=∂⊗2⊗1
(D13) =
∑
i,j
α([liψrj])⊗ α(aλri)⊗ α
2(lj)|µ=−1⊗1⊗∂−∂⊗1⊗1
+α(rjµli)⊗ α(a)λα(ri)⊗ α
2(lj)|µ=1⊗1⊗∂ |λ=−∂⊗3
=
∑
i,j
α(liµrj)⊗ α(aλri)⊗ α
2(lj)|λ=−∂⊗3 ,µ=−1⊗1⊗∂−∂⊗1⊗1
(D14) =
∑
i,j
−α(aλri)⊗ α([liµrj ])⊗ α
2(lj)|µ=−1⊗∂⊗2
−α(a)λα(ri)⊗ α(rjµli)⊗ α
2(lj)|µ=1⊗1⊗∂ |λ=−∂⊗3
= −
∑
i,j
α(aλri)⊗ α(liµrj)⊗ α
2(lj)|λ=−∂⊗3 ,µ=−1⊗∂⊗2
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(D15) =
∑
i,j
−α2(ri)⊗ α(a)λ[liµrj]⊗ α
2(lj)|µ=∂⊗1⊗1 + α
2(ri)⊗ (aλrj)µα(li)⊗ α
2(lj)|µ=∂⊗2⊗1
−α2(ri)⊗ α(a)λ(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂ |λ=−∂⊗3
= α(ri)⊗ [(aλrj)µri]⊗ α
2(lj))|µ=−∂⊗2⊗1 − α
2(ri)⊗ [aλli]µα(rj)⊗ α
2(lj))|µ=−1⊗∂⊗2 |λ=−∂⊗3
(D16) =
∑
i,j
α(a)λ[ljψri]⊗ α
2(rj)⊗ α
2(li)|µ=1⊗∂⊗1 − (aλrj)µli ⊗ α(ri)⊗ α
2(lj)|µ=∂⊗2⊗1
+α(a)λ(rjµli)⊗ α
2(ri)⊗ α
2(lj)|µ=1⊗1⊗∂ |λ=−∂⊗3
=
∑
i,j
−[(aλrj)µli]⊗ α(ri)⊗ α
2(lj))|µ=−∂⊗2⊗1
+[aλli]µα(rj)⊗ α
2(ri)⊗ α
2(lj))|µ=−∂⊗1⊗1−1⊗1⊗∂ |λ=−∂⊗3
(D17) =
∑
i,j
α(rjµri)⊗ α(aλli)⊗ α
2(lj)|µ=1⊗1⊗∂ − α(aλli)⊗ α(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂
+α(aλli)⊗ α(rjµri)⊗ α
2(lj)|µ=1⊗1⊗∂ − α(rjµri)⊗ α(aλli)⊗ α
2(lj)|µ=1⊗1⊗∂ |λ=−∂⊗3 = 0.
Therefore, (C1) = (D1). Similar to check (C2) and (C3). The proof is finished. 
Proposition 4.9. Let (A,α) be a Hom-left-symmetric conformal algebra which is free and
finite as a C[∂]-module. The λ-product of (A,α) is obtained from the coalgebra (A∗c, α∗, ψ).
Suppose that there is a Hom-left-symmetric conformal coalgebra structure (A,α, ϕ) where
ϕ is defined by (5.1). Then ψ is a 1-cocycle of g(A∗c) associated to (A∗c ⊗ A∗c, φA∗c) if
and only if r
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